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i.
ABSTRACT
The behavior of vortex flow in a conical diffuser has been studied
in this report. The flow considered here is a steady, incompressible,
axially symmetric one.
The present experimental investigation has resulted in the establish-
ment of five flow regimes. These regimes represent three basic types of
rotating flow and two transitional phenomena. In Regime 1 the flow is a
laminar, one-celled vortex. In Regime 3 the flow is also a one-celled
vortex, but turbulent, In Regime 5 the flow is a turbulent, two-celled
vortex. Regime 2 represents the transition of a one-celled vortex flow
from laminar to turbulent. This transition is characterized by the formation
of a bubble along the axis. Regime 4 shows another transitional phenomenon.
This transition is the breakdown of a two-celled vortex into a one-celled
vortex, but the character of this breakdown is still not fully explored.
These regimes can be considered as the steps that the flow in the diffuser
must go through as the flow rate or swirl is increased. The number associated
with these regimes indicates the order of change from one regime to another.
In Regimes 1,3, and 5, similarity in the velocity profiles does exist, but
not in Regimes 2 and 4.
For simplicity Regime 3 was selected as the basis for a theoretical
model. The initial requirement that the total head in the outer region of
the flow be conserved proved unsuccessful. When this condition was dropped
in favor of the moment of axial momentum, a theoretical development at
least qualitatively in agreement with the observed vortex decay is achieved.
It is felt that the neglect of turbulent shear stresses in the analysis is
largely responsible for the discrepancy that exists between theory and
experiment.
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NOMENCLATURE
r radial coordinate
e tangential coordinate
z axial coordinate
u radial component of velocity
v,V tangential component of velocity
w,W axial component of velocity
U stream velocity
R wall radius
D wall diameter
Q volume flow rate
r circulation
(W - W )M C
r2 (W )
FjF2 ,F3 trigonometric functions
T shear stress
p pressure of air
p density of air
a angle between the guide vane and a radial line
k constant
t radius of the inner region
laminar, dynamic viscosity of air
V laminar, kinematic viscosity of air
Subscripts
1 station 1
2 station 2
3 station 3
viii.
4 station 4
5 station 5
6 station 6
T at the throat
t core thickness
s along the streamline
a atmospheric
st static
stag stagnation
c center-line
w on the diffuser wall
e end wall
m maximum
Superscripts
- the mean value of
the fluctuating component of velocity.
1.
I. INTRODUCTION
The interest in the problem of rotating fluid has existed for over a cen-
tury. Ever since Stokes (l)gave the solution to his equations for the axially
symmetric flow between two rotating coaxial cylinders in 1845, this problem
has been the subject of numerous investigations.
In 1917 Lord Rayleigh(2)showed that the solution presented by Stokes was
the type of motion that gave minimum dissipation. He also derived an important
criterion for the stability of an inviscid, rotating fluid. In 1923 G. I.
Taylor discussed the stability of a viscous fluid between two rotating cylin-
ders. He observed a spiral form of instability and demonstrated the formation
of symmetric, alternately-signed vortex cells, spaced along the length of the
cylinders. These circular motions are steadily driven motions that receive all
their energy from the extra torque required to rotate the cylinders relative to
each other.
Recently, more interest in vortex behavior has been aroused by a number of
experimental applications. In regard to the flow of the energy separation, or
of the Ranque-Hilsch effect, the works of Dornbrand , Einstein and Li(5)
Hartnett and Eckert , Scheller and Brown , Savino and Ragsdale , and
Deissler and Perlmutter are worth mentioning. In the field of cyclone sep-
arators, Weber and Keenan(10)and Smith (1)have shown another use of vortex
motion.
Vortex flow is also receiving current attention in the problem of the lead-
ing edge vortex(12), (13), (14 )and as a device to allow the use of a gaseous
nuclear reactor as a rocket motor(l5), (16), (17) It also finds application in
the meteorological study of tornados and other atmospheric phenomena(l 8)' (19)
The understanding of vortex behavior also finds great practical interest
in the field of turbomachinery. For examples, the flow in the diffuser down-
stream of the last turbine stage prior to thd afterburner of a jet engine and
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the flow in tte nozzle of the Hamilton Standard vortex speed-limiter for small
turbines are all much concerned.
From the many interests mentioned above, one can say that vortex flow
plays an important role in the field of fluid mechanics.
II. STATEMEIT OF THE PROBLEM
Although much work has been done on the rotating motion of a fluid, little
investigation is associated with the decay of such motion. Even though the
decay of vortex motion had been briefly discussed as early as 1879 by Thomp-
(20) (21)
son ,o it was G. I. Taylor who first formulated the decay for a system of
eddies, rotating alternately in opposite directions and arranged in a rectang-
ular array. In 1935, Prandtl (22)considered the diffusion of vortex flows and
derived the velocity (in the tangential direction) of the vortex in the form of
y = 1 - exp -2
For small radial distances, the velocity can be approximated by
y
More recently, Rouse and Hsu(23)mathematically studied the growth and decay of
a vortex filament in an infinite extent of flow field. They obtained results
in a similar form of velocity expression, though slightly more complicated.
V exp v(t +
All these previous studies of vortex decay are limited to only two-dimen-
sional flow. In the case of simple flow they do deserve merit. However, in
many applications of vortex flow the three dimensionality must be considered.
In connection with this, three analytical investigations will be briefly men-
tioned here since they are of particular interest. The first one is the sq-
called'one-celled'vortex, formulated by J. M. Burgers (2. -In his work on the
dissipation of a vortex in an infinite extent, he solved the complete Navier-
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Stokes equations for a flow model of the form
U = U(r)
V = V(r)
and W = cz
where U, V and W are radial, tangential and axial velocities respectively; r
and z are radial and axial coordiantes; and c is a constant. His solution is
U -ar
V = 1 l-exp -r)
W = 2az
where a and r are constants. These velocity distributions are shown in Fig. 1,
which also includes a sketch showing that the flow spirals in toward an axis
and out along it.
(18)In 1958, Rott discussed in detail the Burgersi solution and modified
it by assuming that the tangential velocity is time-.dependent as well. AL-
though the total energy required to initiate the flow in a real infinite field
is infinite, these two analyses are useful in explaining the general picture
of such flow phenomena as the "bathtub" vortex and the tornado.
In 1960, Donaldson and Sullivan(25)also made use of the complete Navier-
Stoked equations for a model of the form
U = U(r')
V = V(r)
and W = zf(r)
They obtained a large variety of solutions which includes the Burgers' one-
celled vortex solution as a special limiting case. They showed that vortex
motions having more than one cell are possible. For another limiting case,
they found an interesting, closed form solution for a two-celled vortex which
has a nested region of reversed axial flow. The radial, tangential and axial
velocities are given by the following expressions.
1 ar +6Q )( - exp -.
V H(ar2/2v)
2,r H(me)
W = 2az 1 - 3 exp -
where H(x) = exp - t + 3J0  (1 - et )/z dt dz
Figure 2 is a sketch of the stream surfaces and the velocity profiles of
a two-celled vortex. The dotted lines indicating the one-celled vortex solu-
tion are inserted for comparison. Flows of these types will be observed later
in this report, and floe with the multicelled profiles have been reported
(26), (27). The merit of this three-dimensional vortex solution byelsewhere .Temrto hstredmninlvre ouinb
Donaldson and Sullivan, with an arbitrary assumption of flow model, still
awaits further experimental verification.
From the above discussion, one notices that the flow examined by all prev-
ious investigators is, in every case, unconstrained. However, in many techni-
cal applications of fluid mechanics, the flow is confined in some sort of a
passage. A question hence arises as to just what will be the vortex decay if
the flow field is limited within a region, such as the flow- in a pipe, a dif-
fuser, or some passage of a turbomachine. The problem of vortex decay in a
pipe flow had been briefly studied by Menis 2 His results came out as ex-
pected.
In view of these circumstances, an attempt has been made by the writer to
study the nature of vortex behavior in a conical diffuser. The purpose of the
present work is to understand the mechanism of vortex decay and the structure
of vortex turbulence. The scope of this report includes an examination of the
phenomena of vortex decay and the formulation of mathematical models to clarify
the underlying aspects of this decay behavior. The flow considered here is a
steady axially-symmetric flow in an incompressible fluid, and the thermal con-
ductivity of the fluid has been neglected.
III. EXPERIMENTATION
A. Apparatus
The apparatus of this investigation is shown in Figure 3. It consists of
six parts: a vortex generator, a conical diffuser, an exhaust chamber,- an ex-
haust pipe, an orifice, and a centrifugal pump. They are all connected in
series.
The vortex generator has a flat end wall which is sixteen inches in diam-
eter. The central portion of this end wall is removable so that different
kinds of experiments may be conducted with the same generator. The vortex is
generated by means of sixteen thin guide vanes, spaced evenly around the peri-
phery of a twelve-inch circle . These guide vanes are one inch by four inches
in size, and they are mounted in such a way that they can be rotated to adjust
the amount of swirl. The angle between the guide vane and a radial line on
the end wall is designated a15 a.
The diffuser has a throat diameter of 3.5 inches, an exit diameter of six
inches, a cone angle- of six degrees, and an area ratio of three. There are
six measurement stations on the diffuser. The first one is two inches down-
stream from the throat, and the others are four inches apart- thereafter. At
the section of each measurement station, a tap hole is provided for obtaining
the wall static pressure. A close-up picture of both the diffuser and the
vortex generator is shown in Fig. 4.
The exhaust chamber is put in the system after the diffuser to damp out
disturbances which might propagate upstream from the pump, and to provide space
for the installation of the center-line pressure measurement. Inside the ex-
haust pipe there are sections of honeycomb and tubes. They are placed there
for the obvious reason of straightening the flow so that the orifice measure-
ment will be correct.
The orifice is- included to measure the volume flow rate--through the system.
The centrifugal pump is the prime mover of the fluid flow; it has--a volume flow
capacity of nine cubic feet per second. Figure 5 shows the essential parts of
5.
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of the system. It also shows the inlet filter box, the upper half of which
has been removed in order to have a better view of the vortex generator. This
box serves two purposes. -One is: to filter the inlet air, and! the- other is to
damp out any outside disturbances.
B. Instrumentation
The instruments for measurement involve4 in the experimental work, in-
clude a three-hole yaw prebeT a sphere-static probe, a center-line pressure
probe, a hot-wire anepoketer, and a smoke generator.
The yaw probe has a standard cobra tip, with three small stainless. steel
tubes placed together in a plane perpendicular to the axis-of-the probe. The
center tube has a square-end, and-is used for stagnation-pressure measurement.
The two side tubes are each cut off to form a 30 degree angle with the center
tube. They are used for flow-direction sensing purposes., - The tip of the
probe lies on its axis, so when the probe is turned, it- remains in the same
position. Figure 6(a) shows-the side view of this probe.
The sphere-static probe is shown in Figure 6(b), which has, at one end, a
small sphere supported by a thin stem placed downstream of the sphere. The
pressure is measured by, a ring of small holes just behind the sphere. The
probe works on the principle that the pressure on the wake side of a sphere is
substantially uniform. This wake pressure is below static-pressure by an am-
ount
K(Ps-WKPstag P t)
where K is ordinarily a function of the Mach and Reynolds numbers for the
sphere. With a pair of separation rings added to the sphere, it was found
that K is dependent only on the Mach number. For the test range of our ex-
periment, K can be considered as a constant. This sphere-static probe has
another significant -feature that it permits a t 20 degree yawing without los-
ing any accuracy.
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The center-line pressure probe is a long stainless steel tube of .120-inch
O.D., with one end sealed off and the other end connected to a manometer. A
ring of minute holes is located in the middle section for the purpose of taking
the static.-pressure measurem nt along the axis of the diffuser. This tube goes
through the center of the end wall of the vortex generator at one end and ex-
tends into the exhaust chamber at the other end. A special rig was constructed
in the exhaust chamber for centering the probe. Tension can-be- applied to el-
iminate any vibration caused by the flow. The probe can also slide in and out
to take a reading at any location on the center line.
The hot-wire anemometer is a completely transistorized unit. It contains
a feedback amplifier and a linearizer, all mounted on a small chassis. The
amplifier has a constant temperature circuit; so any variation in temperature
of the wire caused by the air movement will produce a change in the heating
current, which in turn indicates the magnitude of the air movement. The lin-
earizer is used to give a straight-line relatioship between the heating cur-
rent and the air movement. This current is recorded by means of a Heathkit
vacuum tube voltmeter, and the fluctuation of the air movement -is indicated on
an Electronics Instrument RMS me.ter. The whole system is-powered by a 12-volt
DC battery.
The hot-wire probe itself consists of a stainless steel tubing, with a
sensing element mounted on one end. A picture of this probe-is shown in Fig.
6(c). The sensing element is made of an electrically-insulated material. Two
prongs (sewing needle tips) are placed symmetrically at the end for supporting
the wire. The wire is of tungsten material with a diameter- of 0.00015 inch.
It is electrically plated with copper- (for the purpose of soldering) at both
ends and has an exposed length of akout one tenth of an inch for sensing the
air movement. The prongs are about two-tenths of an inch- apart and three-
tenths of an inch irilength.
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In the course of the experiment some smoke photographs were taken to show
interesting flow patterns. The smoke in these photographs was produced by a
smoke generator. The essential element of this smoke generator is a four foot
stainless steel tube of 0.165 inch 0.D., coiled in an insulator. This tube
acts as a heater by supplying an electric current through it,. A-mixture of
air and vacuum pump oil, which was found to produce the best quality smoke, is
introduced into the tube. The heat will evaporate the oil and smoke is formed
at the exit. The smoke"is then fed in an oil-condensate container and is ready
for experiment. The amoke generated by this method has a pure white color and
was found to have a density very close to that of air.
C. Methods of Experimentation
Before discussing the method followed, a very useful device in connection
with the experiment should be mentioned. This device is a probe holder, as
shown in the upper part of Fig. 6. This holder permits any one of the three
probes, shown in Figs. 6(a), (b) and (c), to traverse up and down- a diffuser
section, and to rotate to any yaw angle to face the flow stream.
To plot the pressure field for any measurement station- of the diffuser,
the three-hole yaw probe is first used to determine the stagnation pressure
and the flow direction at any radial point. Then, with the flow direction
known, the sphere-static probe is inserted to take sphere-static readings. By
using the expression,
(P sph ) + (0.508) (P )
st (1 + 0.508)
the static pressure at any radial point may be obtained. Mention should be
made here that all pressure measurements were taken with a manometer board us-
ing a red Meriam oil with a specific gravity of 0.827 as the medium.
Having found both the stagnation and the static pressuresthe flow velo-
city may be calculated by the relation(29)
2
P -P V
stag st 2g
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Since the flow direction has-been measured, the velocity can then be resolved
into axial and tangential components. In the whole investigation of this re-
port the radial component of velocity has been assumed to be negligible in com-
parison with the other two components.
In the turbulence measurement, the hot-wire anemometer -was linearized with
the aid of a small wind tunnel. - A -straight-line calibration was then made for
the voltmeter reading and the flow velocity. With this calibration the flow
field can be directly obtained. The ttrbulence level may also be found from
the RMS reading and the slope of this calibration line. It seems that the
velocity and its turbulence level can be easily obtained; but-,- on- the- contrary,
difficulty always arose from- the fact that the anemometer- drifts- easily and it
is very sensitive to a change- in the- air temperature. - For this- reason,- cali-
bration had to be made- before and after each test, and- the- result was discarded
if the two calibrations- did not agree.
When taking the turbulence level measurement, the wire was placed in a
direction perpendicular to the stream. Let us assume this fluctuation to be
designated as u' and that fluctuation in a 90 degree direction- as v'. Now, if
the hot-wire probe is turned to a 45 degree direction (from-the flow stream),
the meter will register the RMS value of (u' + v'). If the turn is made in the
other sense, the meter will indicate the RMS value of (u' - v4). So, if these
magnitudes are taken, the u'v' can be obtained from the following expression
2 2
U'v' =1 (A B)
where A=
and B= (u' - ')
In this discussion, the fluctuation in the third direction has been completely
omitted. This omission can be made since consideration is made only of the
difference in the two RMS values. No matter what value the third fluctuation
will have, it will be cancelled out anyway.
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In the smoke photographs shown in this report, the smoke was introduced
into the diffuser through a hole in the center of the end wall. These photo-
graphs were all taken with a Polaroid camera, using ASA 3000 speed film.
During the picture-taking the diffuser was completely enclosed and a light
source was beamed into it from the exhaust chamber. In this way, a large
amount of glare was eliminated and better pictures were obtainable.
In the oil-drop tracing experiment, a light-weight oil was fed, drop by
drop, into the small holes on the end wall, The oil then formed a track on
the inside surface of the end wall. A trace of this track indicates qualitat-
ively the direction of the flow at or very near -the end wall surface.
D. Accuracy of Measurements
The three-hole yaw probe and the sphere-static probe used in the experi-
ment were checked in a small wind tunnel against a standard pitot-static tube,
and no error was found in these- probes. The results obtained with these probes,
including all the pressure measurements, have been found to-be- reproducible*.
The wall static pressure readings, taken from the tap holes on the wall, coin-
cide with the extended curve of static pressure measurements made with the
probes. The results obtained from the center-line pressure, tubing also come
within 2% error of those, measured by- the probes. For the highly- swirling flow,
the reversed flow region was tested by a wool tuft. Its existence agreed with
the probe measurements.
The hot-wire anemometer was calibrated against a- pitot tube, before and
after each test. "Its results should thus be inherently good. The smoke and
oil-trace experiments were intended to be a qualitative investigation, and a
discussion of their accuracy will not be fair.
* The axial symmetry of the flow was also checked by: the measurements, taken
from the stations ninety degrees (in the circumferential direction) from the
measurement stations.
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The accuracy described above is believed sufficient for the purposes and
the validity of the- results of this experiment.
IV. EXPERIMENTAL RESULS AND DISCUSSIONS
All the results were taken at the measuring stations- in the diffuser.
Station 1 is the first station downstream from the throat, Station 2 is the
second one, and so on. The radius of each section is shown below:
R = 1.850"
R2 = 2.050"
R3 = 2.255"
R = 2.460"
R = 2.665"
R = 2.870"
The quantitative work considered in this report includes two areas of
interest - the weak and the strong swirling motions. As mentioned in the pre-
ceding section, the amount of swirling motion in the fluid can easily be con-
trolled by changing the angle of guide vanes. When the angle a is near zero,
the flow is said to have a small swirling motion. When the angle gets above
twenty degrees or so, the flow is considered to belong to the other area.
Both areas have generally been explored, but more emphasis is put on the
former.
A. Pressure Distributions
Figures T - 12 show the static pressure distributions for different
angles of a at various stations. In these plots, the radial distance has been
made dimensionless by dividing it by the throat radius. Each pressure value
was normalized by dividing it by the dynamic head at the throat.
For a = 00, the static pressure remains fairly constant at each station.
When. a small amount of swirl is introduced, the upstream sections show a rad-
ial variation in static pressure, but the downstream sections tend to remain
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at constant values. This is a typical phenonemon of vortex decay-. -In the up-
stream sections, while the swirl is still comparatiYely strong, the pressure
varies with the radial distance in the same way as it does in a potential vor-
tex flow. As the vortez travels downstream, it loses its 'swirling strength
due to energy dissipation. Therefore, the pressure distribution in the down-
stream sections is similar to a distribution with no swirl. In other words,
the swirl decays as the flow diffuses. In the area of large swirling motion,
all sections show a sizeable change in pressure in the radial direction.
Also, the change in magnitude from station to station does not behave as order-
ly as that in the case of flow with small rotation. This behavior is caused
by the flow getting more complicated, and a discussion would require further
investigation.
Figures 13 - 18 show the corresponding stagnation pressure distributions.
The coordinates in these graphs have been normalized in the same way as those
shown in Figs. 7 - 12. 'Besides the fact that at large a's the pressure has
a higher value, the stagnation pressure distribution does retain an approxim-
ately similar pattern from station to station for either large-(strong) or
small (weak) swirl.
B. Velocity Profiles
All the values of velocity were calculated according to the method men-
tioned in a preceding section. These velocities were then normalized by using
the average axial velocity at the throat, The points on the graphs indicate
the experimental results. The solid lines are curves joining--the points. The
dotted lines are approximate curves which were put in for the sake of complete-
ness.
With no rotation, i.e. a = 00, Fig. 19 shows that the-velocity is nearly
uniform across each section except in and near the region of the boundary
layer. The velocity decays downstream as it would be expected to from the
continuity consideration.
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Figures 20 - 24 show the axial velocity distributions with rotation. As
the amount of rotation is gradually increased, one significant phenomenon is
observed; all the velocity values near the axis drop. While the center velo-
city value for the downstream stations drops slowly, the value- for the upstream
stations drops very quickly, At a = 50, the magnitude of the center velocity
for Station 1 is almost three times as large as that for Station 6. When
a = 100, all the center velocities bave approximately the same value. Further
increase in the strength of swirl results in the fact that the value for the
upstream center velocity goes negative (as is shown in Fig. 22). This nega-
tive axial velocity means that instead of going downstream the flow reverses
itself and moves upstream around the axis. This type of reversed flow begins
to occur in the diffuser when the vane angle is somewhere- between 100 to 150
and the flow rate is about 9 cubic feet per second. This reversal phenomenon
is a characteristic of vortex decay. As the vortex decays in the diffuser,
the pressure near the axis-recovers. The recovery gives an--increase in pres-
sure along the axis, and the fluid near the axis tends to be pushed from a
region of higher pressure to'a region of lower pressure.
At higher a angles, the reversed flow region seems to- extend further down-
stream. Figure 23 shows that the region has reached Station 4. The gain in
axial momentum of the fluid dn the center at Station 6 is not entirely clear
to the writer. With repeated tests, the velocity still exhibited the same pro-
file there, but no explanation can be made at this point although the discus-
sion of the two-celled vortex breakdown in a later section is relevant. In
Fig. 24 the result shows that the reversed flow region even reaches Station 6.
The whole region also gains a higher reversed axial momentum.
Figures 25 - 29 indicate the distributions of tangential velocity for dif-
ferent amounts of swirl. When the swirl is weak, the tangential velocity pfo-
file simulates the classical solution of a potential vortex with a viscous core,
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except in and near the region of the boundary layer. Inside the core region
the flow behaves either like a.solid body rotation or very much like it. The
decay of the vortex is indicated by the fact that the slope of the tangential
velocity gradually decreases downstream in the order of stations. In the
outer region the flow acts like a potential vortex in the upstream stations,
but loses its identity in the downstream stations when the amount of swirl
is slowly increased.
With a large swirling motion, the tangential velocity profile does not
show a distinct viscous core of solid body rotation. The behavior of a
potential vortex is also not manifestated in the outer region. The flow
has become so complicated that the ordinary theory of vortex flow is not
able to explain this behavior.
In Figures 30 and 31, the axial and tangential velocity profiles have
been re-plotted for the purpose of comparing the flows at Stations 1 and 6
for different angles of a.
C. Possible Flow Patterns
With the velocity profiles described above, two statements can be
made about the flow patterns in the diffuser. For small swirling motion,
the flow simulates a potential vortex with a viscous core. This flow is
also quite similar to Burgers' one-celled vortex flow if the axial velocity
is not considered. For large swirling motion, the flow behaves somewhat
like thetype shown in Fig. 32(a). Most of the flow passes through the
diffuser and out into the exhaust chamber, but there is some flow which
reverses its direction and goes upstream in the middle. The loop, located
in the middle of the diffuser as is shown in Fig. 32(a), can be visualized
in three dimensions as a cocoon, which is shown schematically in Fig. 32(b).
The flow near the axis spins upstream while the flow outside spins down-
stream, but both rotate in the same direction. Thus, in this cocoon
there must be a surface which has only a tangential velocity but no axial
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velocity. This surface is indicated by the dotted circle and lines shown in
Fig. 32(b). The size of this cocoon seems to be dependent on the strength of
the swirl. The stronger the swirl, the larger is the size of the cocoon. The
configuration of this reversed flow pattern is similar to the solution of Don-
aldson's two-celled vortex flow. If the swirl is strong enough, the reversed
flow region stretches completely through the whole length of the diffuser, as
for the case of a = 700. If the swirl is not strong enough, this region will
not reach the exit of the diffuser. The flow decays from a two-cell vortex
into a single cell vortex inside the diffuser, as for the case of a = 50*.
In the case where a two-celled vortex decays into a one-celled vortex in
the diffuser, it is interesting to investigate how this transition comes about
and what the end conditions of the cocoon are. For these reasons the center-
line static pressures were measured, and the results were plotted in Fig. 33.
Unfortunately, not much information can be discovered beside the fact that
this result agrees with the sphere-static probe measurements and the pressure
increases with the axial distance and decreases with the vane angle, as it
would be expected to do.*
Next, the flow near the end wall was examined. The oil-drop tracing ex-
periment was conducted. It is interesting to find out that at a = 0* all oil
tracks are directed radially inward toward the center of the end wall. At
a = 100 these tracks form some sort of spiral and converge into the center.
At a = 500 the spiraling tracks all converge into a circle of approximately
3/4 of an inch in diameter. If oil drop is fed in from a tiny hole in the
middle of the end wall, the oil diffuses out spirally and ends up in the same
3/4"l circle. A qualitative tracing of these oil tracks is shown in Fig. 35.
These results agree very well with the others presented in this report. For
* Although the boundary layer on the diffuser wall is not discussed in this
report, a plot of the diffuser wall static pressure is shown in Fig. 34 for
interest.
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a = 00 the flow is radially inward, so the tracks are also radially inward.
For a = 100 the flow belongs to a one-celled vortex, so the track winds into
the center as is shown in Fig. 35. As has been discussed above, the flow
for a = 50* is a two-celled vortex in the upstream sections. It would be
expected that this two-celled vortex may extend all the way to the end wall.
From Fig. 35 this extension is verified. For a = 50*, the flow near the
middle of the end wall can be pictured as the sketch shown below.
Stream
surface
X
Circle of oil- Approximately 3/4" in diameter
track (xy plane is end wall)
This sketch is similar to the one shown in Fig. 2 for Donaldson's two-
celled vortex.
In another attempt to clarify the picture of the flow pattern, static
pressure measurements were made along a radial line on the end wall. The
result of these measurements is plotted in Fig. 36. It is interesting to
notice that the slope of the curve at the center is rather steep for low
angles and levels off for high a angles. For the case of a = 500 a close
examination reveals the fact that the length of the horizontal part of the
curve is approximately equal to the radius of the circle in the oil-drop tra-
cing experiment. This means that within that circle the flow near the end
wall has a constant static pressure. As the angle, a, is increased further,
the diameter of the pressure 'plateau' gets bigger. This indicates that the oil
track circle becomes larger. Thus, from the static pressure measurement, it
is possible to detect approximately the size of reversed flow region near the
end wall. In view of the discussions here, the shape of the cocoon shown in
Fig. 32(b) might have to be modified. However, since no details of the down-
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stream end of the cocoon are known, it does not make sense to picture only the
upstream end in detail. Therefore, the cocoon shown in Fig. 32(b) can still be
used as a reversed flow model. It would also be interesting to see whether the
end wall boundary layer perhaps causes the formation of the two-celled vortex.
It is possible that with no end wall the one-celled vortex would predominate.
Experimentally, this could be investigated by having two identical diffusers
combined back to back - with no end wall, of course.
D. Effect of Reynolds Numbers
In the above discussions, no mention was made about the effect of the vol-
ume flow rate in the diffuser. Since this effect may be very important, it will
be examined here for both strong and weak swirling motions.
In this study, the Reynolds number, which is defined by (WD/V), is used
since it can be determined from the volume flow rate. All measurements were
made at Station 1, because the velocity profile there is generally more sensi-
tive to any change than the profile in downstream sections. The results are
plotted in Figs. 37 - 40. For a = 100, which may represent the typical weak
swirling flow, three different Reynolds numbers were used, and all the results
lay very close to a smooth curve. A similarity in velocity profiles can there-
fore be said for the case of weak swirling flow. The axial and tangential
velocity profiles are shown in Figs. 37 and 38, respectively.
For a = 50*, which represents the typical strong swirling flow, different
Reynolds numbers have different curves. The velocity profiles retain only a
general form, and no similarity can be found in these profiles. It seems that
the effect of Reynolds number on the weak swirling flow is negligible and its
effect on the strong swirling flow is pronounced. However, a careful examin-
ation reveals that the weak swirling flow discussed here belongs to Regime 3,
which has a velocity similarity as one of its characteristics, and the strong
swirling flow belongs to Regime 4, which has no velocity similarity. (These
flow regimes will be discussed in a later section.) Therefore, the effect of
the Reynolds number on the flow will depend on the regime that the flow is in.
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E. Effect of Boundary Layer
The effect on the flow by the boundary layer, caused by the diffuser wall,
(30)
was not considered in the entire work reported here. J. K. Harvey , in his
experimental study of vortex phenomenon in a cylinder, concluded that the cy-
linder wall has no serious effect on the results. In view of the fact that
the vortex flow in a diffuser is already very complicated, it is felt that
only the flow field in the main stream sh,-uld be studied here. The effect of
the boundary layer will be left for future investigation.
F. Hot-Wire -Measurements
The description of the turbulence structure in a diffuser vortex flow is
important in studying the vortex decay mechanism. In the hot-wire experiment
performed here, the intensity of turbulence was measured first. For the case
of a straight diffusing flow (i.e., with no rotation), the results are plotted
in Fig. 41. Here the-RMS value of- the velocity fluctuation is normalized by
the mean of the local axial velocity as is the radial distance by the radius
of that section. Near the axis of the diffuser, the turbulence levels are all
found to be about 5%. As the hot-wire probe is moved out radially toward the
wall, the intensity is foundo to drop generally, except for Stations 5 and 6
where a sharp increase in intensity was discovered. This sharp- increase in
the downstream sections may well be due to the fact that the flow there is in
the region of turbulent boundary layer.
With the addition of a small amount of swirl into the diffuser, the tur-
bulence intensity is, in general, greatly increased. The result for a = 100
is shown in Fig. 42. It may'be noticed that the intensity decays downstream
along the axis, but it increases near the wall. In the upstream stations,
such as Stations 1 and 2, the turbulence intensity decays radially. In the
downstream stations, it stays closely at the level of 20%. It-is worth noting
that the very high turbulence intensity near the center of St&tion 1, as is
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seen in Fig. 42, probably reflects the bursting of the transitional bubble
attached to the center of the end wall. This transitional bubble is the lam-
inar vortex breakdown phenomenon, which will be discussed in the- following
section.
For large amount of swirl, no extensive turbulence intensity measurement
was made since its magnitude is exceedingly large. From this turbulence study
one may conclude that even if a small amount of swirl is introduced, the flow
easily becomes turbulent. In both areas of swirling flow considered so far,
the flow observed in the diffuser is a turbulent one.
As is mentioned in Section III, Part C, the u'v' correlation may be ob-
tained analytically from two RMS measurements, each in the same plane, 45
degrees from the flow stream. The result of the calculations is shown in
Table I. A comparison of u'v' for a = 00 and' =109,hhoth atStatiorL6,.is
displayed ih4Fig. 43. The data in this ifigure also indicitesthe introduction
of small swirling causes a tremendous increaseei.nithe magnittndc of u'v',
Since the turbulence in the diffuser has been found to be non-isotropic
and three dimensional, this u'v' correlation represents only a component of
the turbulent shear stress in the flow. In order to have a complete picture
of the Reynolds stress, the other stress components, such as u'w', v'w', etc.,
should also be considered. Since the measurement of the other stress compo-
nents involves a more complicated hot-wire arrangement and since time did not
allow for further experimentation, no measurement was made for the other stress
components in this investigation. Unfortunately, without this information,
the mechanism of vortex decay cannot be further discussed because the turbu-
lent shear stress plays a very important role in the vortex decay behavior.
G. Smoke Photographs
Besides the two areas of swirling flow mentioned above, there is another
area of flow of special interest. This is the area where the flow is laminar.
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In this area, smoke can be used to investigate qualitatively the behavior of
vortex decay, or vortex breakdown. Investigating this aspect of the flow,
many photographs were taken, and interesting phenomena are shown in Figs.
44 - 48. The smoke, which was fed in from the middle of the end wall, travels
from the right hand side of the photograph to the left hand side in all the
photographs shown in these figures.
Figure 44 shows the smoke pattern for the flow with no rotation. For
two different flow rates, the pattern is shown to be the same; the smoke flows
in a straight line along the axis as it would be expected.
In Fig. 45, all the pictures were taken for a = 100. -The number on the
side of the pictures indicates the order of increasing flow rate. For the
first picture, the mean axial velocity at the throat is approximately 0.25
feet per second; and- for the last one, it is about 1.5 feet per second. The
smoke spirals through the diffuser. At first, the flow is rather smooth
throughout the entire length of the diffuser. With higher flow rate, turbu-
lent flow can be seen in the downstream sections, and the diffusion of the
smoke blurs the picture.
In Fig. 46, the flow was set at a = 150. As the flow rate is slowly in-
creased, a strange phenomenon occurs on the axis. This phenomenon is a step-
by-step formation of a smoke bubble along the axis. This bubble marks the
terminal point of laminar flow. Downstream from this bubble, the flow becomes
turbulent.
As the inlet flow angle, a, is further increased, the phenomenon of a
laminar vortex breakdown bec6mes more pronounced. Also, as the flow rate is
increased, the transition bubble moves upstream and, at the same time, becomes
smaller in size. This interesting behavior is clearly demonstrated in Fig. 47.
For a = 30*, the transition phenomenon is very sensitive to the flow rate.
The bubble occurs at a smaller flow rate, and when the valve is opened slightly it
moves rapidly upstream. Above this value of a, the transition occurs very fast.
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The sudden change of the flow into a turbulent motion evan at a very small
flow rate causes the smoke to diffuse so rapidly that the whole diffaser is
clouded with smoke. For this reason, no more photographs were taken.
A search of recent literature reveals that this laminar vortex breakdown
behavior has been observed and studied by a number of researchers. By using
(30)
smoke technique, J. K. Harvey also demonstrated the formation of this tran-
sition bubble for a vortex flow in a Perspex tube of 3.5 inches diameter. Al-
though J. P. Jones(31) and H. Ludwieg(32) theorized the breakdown phenomenon of
a vortex to be the onset of instability, Harvey described it as the intermed-
iate stage between the two basic types of rotating flow; those that do, and
those that do not, exhibit an axial velocity reversal. (In the writer's opin-
ion, there are two types of breakdown phenomenon, instead of just one, between
the laminar classical vortex flow and the one with an axial velocity reversal.
This argument will be presented in the next section.) His breakdown phenom-
enon is characterized by a spherical bubble of stagnant fluid, downstream of
which conditions similar to those ahead of it are restored.
In another study, T. B. Benjamin also pointed out that vortex break-
down is not a manifestation of instability. It is instead a finite transition
between the subcritical and the supercritical states of axisymmetric flow. In
addition to using a hydraulic jump analogy, he formulated a theory to inter-
pret the essential factors in the vortex breakdown phenomenon.
In another investigation, Lambourne and Bryer reported the same tran-
sitional phenomenon. They considered this behavior to be a structural change
of flow from a strong, regular spiral motion to -a -weaker -turbulent motion,
which can occur at some pobition on the axis of the vortex.
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V. FLOW REGIMES
To summarize the findings of this investigation, one may make the follow-
ing generalized statement. For the case of a weakly rotating motion, as the
flow rate fis gradually increased from zero, the flow in the diffuser slowly
changes from a laminar one to a turbulent one with a laminar vortex breakdown
phenomenon bridging the two. Furthermore, this turbulent flow is the limiting
flow pattern for a sufficiently small swirl. If the amount of swirl is in-
creased somewhat, the transition from laminar to turbulent flow will occur in
a shorter range of flow rate, and the flow in the diffuser more easily becomes
a turbulent one.
For the case of motion with a larger swirl, the above transition happens
so rapidly that an investigator may easily miss it. As the flow rate is in-
creased, the first thing observed is generally the formation of a small rever-
sed flow region nested on the center of the end wall. As the flow rate is
increased further, this region, which may be called a cocoon, extends itself
into the diffuser. The upstream sections have a two-celled vortex flow, and
the downstream sections have a one-celled vortex flow. The concurrence of
these two vortex flows in the diffuser indicates that the.two-celled vortex
breaks down into the one-celled vortex. The writer will emphasize the fact
that both vortices are turbulent. Due to the lack of a satisfactory experi-
mental technique, the investigation of the breakdown phenomenon from a two-
cell to a one-cell was-hindered. It is, therefore, not possible to show the
breakdown of a two-celled vortex into a one-celled vortex as is done in the
case of the laminar vortex breakdown.
If the amount of swirl or the flow rate is increased further, the two-
celled vortex flow will extend throughout the diffuser. It may be concluded
here that there are two breakdown phenomena between the laminar, classical
vortex flow and the one with a complete reversal of axial velocity. Thus,
Harvey's one-breakdown theory appears inadequate - at least for the case where
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there is a pressure gradient.
In view of the above discussion, five regimes of flow may be -characterized.
A sketch of these regimes is shown in Fig. 49. These five regimes consist of
three basic types of- rotating flow and two transitional phenomena. In Regime
1 the flow is a laminar, one-celled vortex in the diffuser. This flow pattern
can occur when both the flow rate and the value of a are small, as was demon-
strated in the smoke photographs. In Regime 3 the. flow is also a one-celled
vortex, but turbulent. When either the flow rate or the value of a is in-
creased somewhat, this flow model can exist. The one-cell behavior was proved
by the probe measurements, -and the turbulent character was detected by the
hot-wire. In Regime 5 the flow is a turbulent, two-celled vortex. This flow
arrangement occurs when both the flow rate and the value of a are relatively
large. The reversal of axial velocity in the middle was found and checked by
the probe measurements and a tuft, respectively.
Regime 2 shows the transitional phenomenon of a vortex flow from a lam-
inar one to a turbulent one. This transition is characterized by a bubble,
which is formed somewhere along the axis, as is demonstrated in the smoke
photographs. Regime 4 shows another transitional phenomenon. This transition
is the breakdown of a two-celled vortex into a one-celled vortex. The up-
stream two-celled vortex and the downstream one-celled vortex were both def-
initely identified by the probe measurements, but the character of this break-
down is still not found.
These regimes can be considered as the steps that the flow in a diffuser,
with a configuration such as the one used in this investigation, must go
through. Before the flow in the diffuser becomes one like Regime 5, it must
experience changes which include Regimes 1 to 4. The number of these regimes
indicates the order of these changes. In Regimes 1, 3, and 5, similarity in
the velocity profiles does exist, but not in Regimes 2 and 4.
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As it was pointed out before that both the flow rate and the value of a
(i.e., the amount of swirl) affect the flow pattern in the diffuser, they must
be important factors in determining a criterion for the flow- regimes-mentioned
above. Even though the use of such a criterion can be visualized, no attempt
is made here to form one. In the case that such a criterion-is formed, it
will be of great advantage-to include also the diffuser cone angle as another
factor. This diffuser cone angle is a measure of the axial pressure gradient,
and an inclusion will greatly generalize the criterion.
VI. THEORETICAL CONSIDERATIONS
As a result of the experimental investigation discussed above, five
regimes of flow in the diffuser were established. It would be interesting
to see then if a prediction concerning the vortex decay in the diffuser
can be made. However, since different regimes have different flow patterns,
it is necessary to decide upon a particular flow regime for a preliminary
analysis.
As was mentioned in the preceding section, Regimes 2and 4 are transitional
regions which consist of complicated breakdown phenomena. In Regime 1, both
the flow rate and the swirl must be small. This regime does not seem to
have much practical use. Also, no quantitative data was obtained for this
regime. Regime 5 is one which exhibits a reversal in axial velocity.
Although there is a velocity similarity for the flow in this regime, the
flow pattern is too complicated to be theoretically analyzed. These con-
siderations leave no other choice but to take Regime 3 as the basis for
choosing our model. This regime displays velocity similarity and the flow
is similar to the classical one-celled vortex. In addition, much data was
taken in this regime, as is best represented by the results for a = 100,
25.
Since Regime 3 has a similarity in velocity profile, a velocity model
would be a logical choice for the analysis. The assumptions made in this
theoretical consideration include
1) the fluid is an incompressible one,
2) the flow is axially-symmetric and steady,
3) the fluid has no external body forces,
4) the viscosity of the fluid is constant,
5) the radical component of the velocity is negligible in com-
parison with the other componentsand
6) the boundary layer on the diffuser wall can be neglected.
In addition, the turbulent shear stresses will be neglected in the analysis.
This is not to say that they do not contribute significantly in the flow
development; rather, as shall be seen later, that a simple distribution
appears inadequate and that it appears unjustifiable to continuously
tinker with the distribution in order to make the 'theory' fit the experiment,
Keeping these assumptions in mind, two velocity models will be treated in
the following:
A. The First Approximation
As a starting point, a simple model of the flow velocity was made as
is indicated in Fig. 50(a). This model consists of two regions. For the
inner region, a solid-body rotation with an axial velocity defect was
chosen. The outer region is one of irrotational flow with a constant
axial velocity. Essentially, the tangential velocity distribution in this
model is the same as the velocity profile for a classical, one-celled,
potential vortex; and the-axial velocity distribution is in the form of a
wake. The velocity defect in the axial velocity profile is described here
by a cosine function. The condition that the axial velocity in the outer
region must be uniform is satisfied by the radial equilibrium and the
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Bernoulli condition. In Ahis flow model, the wall boundary conditions are not
satisfied since neither the tangential nor the axial velocity goes to zero
at the wall.
If t is used to designate the radial distance dividing the inner and
outer regions, this model can be mathematically described by the equations
shown below.
For O<r<t
2
V(z,r) = kr/t (1)
W(z,r) = riFi+r2  (2)
For t<r<R
V (r) = k/r (3)
w(z) =r+r2 (4)
where
r(z) =w (z)-w (z)m c
r2 (z) = W (z)
Fi(z,r) = 1/2(1-cos w)t
It may be noticed that there are three parameters involved in this
flow model, namely, rl, r2 , and t. Thus, three equations are needed to
solve for these three parameters. The obvious choice of these equations
is the continuity equation, the axial momentum equation, and the angular
momentum equation. However, in the axial momentum equation, the pressure
is also present as an unknown. Therefore, a fourth equation will be
required. Since the flow in the outer region is irrotational, the
Bernoulli equation, which is satisfied only in this outer region, may be
used as the fourth one.
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These four equations can then be written as below:
R
A- Wrdr = 0 (5)az f
R
(pW 2 + )rdr= PR (6)
R
WVr dr =0 (7)
P+ -(V 2  ) C (for t<r<R) (8)p 2
Here C in equation (8) is the Bernoulli constant. The first three equations)
(5), (6), and (7) must, of course, be put in the integral form.
With equations (1) - (8), a set of four simultaneous, linear differ-
ential equations can be obtained (see Appendix A).
2 ~ 1 t) dt + [ - 1 2 1 2 dR + 2 r[(r - )(rit)] ( ) ( -)(t2 + (-)(R 2 )+U ) -
= -((r, + r2 )(R)] (d) (9)
- )(r2t) - (1 - k2R2 ) + 'k2)] (2)(rlr~2 t) F 22t -z L 5)2 r8"'1
+ ( - F)(r2 t2) + (R2 )(r, + r2) ( ) + ( - )(rit2) + (R2)(r+
(+ ) + ) ) - r)(i + r2 (10)
2  )(i - ( (2t) dz + )+ (p 21 8( ) (z
+ 2 - ) ) - L(R)(ri + r2) (10)
dP2 dt + (r ) ( )+ (r+r) (r) + ( ) (-) = o (12)
t3 dz r1 2, dz '1' dz p dz
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These equations are of the first order, and can be solved by a digital compu-
ter using the Runge-Kutta technique of numerical integration. The initial
values used in the computation are obtained from the experimental results at
Station 1 (see Appendix B). The results of this computation are listed in
Table II. Unfortunately, this model does not work very well. The analysis
breaks down only a few inches downstream from Station 1. The appearance of
negative signs in W as well as W and the decrease in the absolute center-c m
line pressure make the results of this analysis rather absurd.
B. The Second Approximation
Since the fiow model of the first approximation did not give a predic-
tion of the vortex decay anything like the experimental observation, another
choice of model was made. This is shown in Fib. 50(b). A comparison of the
flow models for the first and second approximation shows that the second
approximation also has a two-region flow model as it does for the first ap-
proximation, but the tangential velocity profile in the inner region and the
axial velocity profile in the outer region were changed. Instead of using a
straight-line relationship in these two regions, the ordinary.trigonpmetri-c
functions were used. This was done because the- flow model flow model for the
second approximation looked more like the experimental results obtained for
a = 100. Also, at least the boundary condition for the axial velocity was
satisfied in this model. Using the same symbols as before, this model can
be mathematically expressed by
For O<r<t
V(z, r) = F (13)
W(z, r) = r1F1 + r2 (14)
For t<r<R
V(r) = k/r (15)
W(z, r) = (r, + r2)F3 (16)
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where
rj(z) = W (z) - W (Z)
r2(z) = W (z)
Fi(z, r) = 1/2(1 - cos )t
F2 (z, r) = () sin Or)
F3(z, r) = cos
This flow model also requires four equations in order to solve for the
same four unknowns, as the problem is similar to the first approximation.
The equations of continuity, axial momentum, and angular momentum can still
be retained, but for the fourth equation the moment of axial momentum equa-
tion was used. These four equations can be written:
wrdr = 0 (17)
JR (pw2+p) rdr =BWR (18)
a wvr2dr = 0 (19)
-z 0
(u aw + Vw ) r2dr = ( ) r2dr
Tr 3 ir rd+P a i rdr (00 0
Z-(r -) rdr + 1L ( ) r% r (20)
In the same manner as was done for the first approximation, a set of
four simultaneous linear differential equations was obtained (see Appendix A).
- 1 6)(rit) + (1 - 8)(r2t) + - (rl+r2 )(R) (t){( - )(t2)
+(8- )(Rt) + (2- )(R2) ( ) + 1 )(t2) + ( -
-)(R2) ( ) = (rl+r2) ( )(R) - (-- )(t)(d) ( 21)
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( + )(r t) + (1 + r2t) + ( (rl+r2)2(R - t) - ( )(rl+r2)2(
2 ) ) (1 2)( - + ) ) (t)+ (I  k2- (k)192 (R] dt) (3 2 rl2 + (1 + 2(r2t2)
+ ( 1)(r 1+r2 )(R2 - t2 ) -7)(r1r2)(R -) +dr
+()2 +12)(R2 - 2) - ( T)(rj+r 2)(R - t) 2d +
Br1+r2 (i-)(R - t) - <rl.r2)2
640o2+(81d
- ff)(r~t) + (8 - 3)(r 2 t)+(8-2)r r)R
(2+ ,)(r1t 2 ) + (r2t
2)
(22)
+ ( 2 - 3) (t 2 )
+ (8 - 2w)(Rt) + (2w - 4)(R2g (di) + [(4 . )(t2) + (8 - 2w)(Rt)
+ (211 -4)(R2)]( ) 1 (l+ra)L(8 - 4w)(R) - (8 - 2w)(t)l( )
24 4 1 4
]T---T + ~)r2t 2) + ( -i + -)(rlr 2t2 )
+ (rl+r 2 )(riRt)( 4- ) + (rl+r 2 ) ( j - + (R2)
13 2 8 32 2 2 4 + 6 1 __3 W
12 ~ ff -r t'T (~(t+---~+ t2+kR r1 t: 3 7r+288
+ (k2)( -, 21008 -Wgo + -(-)+ 23 + 1)(rlt 3 ) + (I+ )(rt3 )dz) ~16 2 ) wW
+ (r l+r2) 1 8(R3) + (- + )(R2t) + (L1+ (3. ~ - - - ( )~2 2w + 722- )(Rt?)
+ - - - - + )(t) ( ) + ( - 1)(rit3
+ ( - )(R3) + (-+24 +
+ 1 -3 + )(t.3 (dr)dz
dP
) + (b)(r 2 t2)
+ 7 24)(Rt2)
( 1)(rit)
(-< ~ 9(R2) + ()(ri+r )(R-t) + (rl+r22(R2)(- 1
2 Rt 3 2  + 1  )
12 + (t- +12 wy 17 (dR
+ (r2t)
+ )
(24)
(23)
W 2 1 )
12 3
-1
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Again, a digital computer was used to solve these first order
equations. The computer program, written in FORTRAN is shown in Appendix B.
C. Comparison with Experimental Results
The results of the second approximation are shown in Table III. It is
easily seen that this analysis gives much better results than the previous
analysis does. There is no undesirable negative sign anywhere in the
diffusion process, and the variations of t, W , W , and P with respect to
m c c
z all display the proper trend. Figs. 51-54 show graphically the same
results of the second approximation, and the axial and tangential velocity
distributions of this second analysis are drawn in Figs.55 and 56 which
also show the experimental results by the points indicated. A comparison
of the analytical and experimental results reveals that this second
approximation does at least qualitatively predict the vortex decay actually
observed in the diffuser. Although t and Pc do not agree with the experi-
mental results, W and W display a rather good agreement.
c m
As is shown in Fig. 54, the analysis gives a slower recovery of the
center-line pressure. This could very well be due to the insufficient
mixing of the flow in the diffuser. Also, it can be seen from Figs. 55
and 56 that the inner region does not grow as fast as it should. From
the analysis, t varies only from .06 feet to .08 feet, but from the experi-
ment t should vary roughly from .06 feet to .16 feet. The smallness of
the spreading rate in the inner region is most likely caused by the
neglect of the turbulent shear stress. As previously mentioned, in
this analysis only the laminar shear stress is considered, and apparently
the viscous mixing is insufficient to give a spreading rate as large as
was observed. Since no measurement of turbulent shear stress was obtained
in this investigation, it is not possible to verify that the effect of
turbulent shear stresses will increase the spreading rate of the inner
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region. However, it is felt that the turbulent 'viscosity' does play an
important role in the development of the values of t and PC
A close examination of the two flow models, used here, reveals that
the first approximation is actually an inviscid model and the second
approximation is a laminar, viscous model. It would be interesting to
know what results the second approximation will give if the laminar
viscosity is completely omitted. Such an analysis has been made by setting
P = 0. The computer results are shown in Table IV. It is interesting to
find out that the results with and without the laminar viscosity do not
change much. This suggests that the laminar viscosity is not an important
factor.
In many cases, the turbulent shear stress has been conveniently described
by the expression
T= (j + c)-
dy
where U is the laminar viscosity and c is the eddy diffusivity. Generally
e has been found to be very much greater than U. Although the turbulent
shear stress in the flow studied here is not known, it might as a first
approximation be assumed to have a constant value which is many times
greater than the laminar shear stress. Thusthe turbulent viscosity was
arbitrarily taken as one hundred times the laminar viscosity using the
second model, and the results of which are shown in Table V. Again, the
results do not show any improvement, the spreading rate of the inner
region is still very small, and the center-line pressure still does not
recover fast enough. These findings suggest that the above assumption for
turbulent viscosity is not valid. It maytherefore, be concluded that some
understanding of the turbulent flow structure is necessary before a
prediction on the vortex decay can more accurately be made.
VII. CONCLUSIONS AND RECOMMENDATIONS
The behavior of the vortex flow in the conical diffuser has been
surveyed in this report. The present experimental investigation has
resulted in the establishment of five flow regimes, and the theoretical
analysis has produced a simple prediction about the vortex decay in a
particular regime. In fact, the work reported here has opened up a wide
variety of interesting problems. For example, it will be interesting to
examine more closely the behavior of the flow regimes other than Regime 3,
this having been studied rather closely here. Also, it will be interesting
to see if vortices with more than two cells can ever be formed under
certain circumstances.
For future work, it is recommended
(1) that the variation of turbulent shear stress aoross the flow
be studied in detail and the findings be incorporated into the second fl
model of this investigation,
(2) that the transition of a two-celled vortex to a one-celled
vortex in Regime 4 be carefully examined,
(3) that the effect of the axial pressure gradient (i.e., the
effect of the diffuser cone angle) on the vortex flow be considered,
(4) that the effect of the wall boundary layer on the diffuser
flow be observed,
(5) that the effect of the end wall on the formation of a two-
celled vortex be carefully studied, and
(6) that a criterion for the stability of the different flow
regimes in the diffuser be established.
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TABLE I
The U Distribut-ions
S ____
Station 1
r/R
0.078
0.187
0.295
0.403
0.512
0.620
Station 2
o.o65
0.163
0.262
0.360
0.459
0.557
0.656
Station 3
r/R
0.060
0.150
0.239
0.329
0.418
0.508
0.597
0.686
a = 00
0
0
+1.47 x 10~5
0
+8.16 x o-6
-6.51 x 10-6
a = 00
0
0
.3 x 10~5
+6.93 x 105
+1.46 x l~5
0
00
-4.02 x 10~5
-3.90 x 10-5
-3.85 x 10 -5
-3.72 x 10~5
-1.74 x 10-5
-1.52 x 10~5
-1.33 x 10~5
0
a m 100
+8.89 z 10-2
-5.10 x 10-3
-2.01 x 104
+2.10 x 104
+6.61 x 10-5
+2.05 x 10-5
a = 10*
-2.23 x 10-3
-4.04 x l0 2
-8.21 x 10"3
-4.86 x 103
-1.91 x 10-3
-5.86 x 10-
-7.10 x1 ~5
a = 100
+1.01 x 10-2
+5.45 x 10-3
-5.21 x 10~4
-1.39 x 10-3
-2.05 x 10-3
-8.95 x 10~-
-1.42 x 104
0
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Table I - cont. - u'v' /U
2
S
station 4
a = 00
-8.75 x 10-5
-8.70 x 10-5
-8.70 x 10-5
-2.24 x 1o-5
-4.64 g W-5
-4.36 x 10-5
-1.89 x 10-5
-3.34 x 1o~5
-3.51 x 10-5
Station 5
o.062
0.137
0.212
0.287
0.362
0.437
0.512
0.586
0.662
0.737
Station 6
r/I
0.056
0.126
0.196
0.266
0.336
0.406
0.475
0.545
o.615
0.685
0.755
a = 00
-8.07 x 10-5
-7-72 x 10-5
-5.16 x 10-5
-2.78 x 10-5
0
0
-2.45 x 10-5
-4.82 x 10-5
-5.13 x 10-5
-22.2 x 10-5
a= 00
-7.46 x 10-5
-7.35 x 10-5
-5.21 x 10-5
-5.46 x 10-5
-2.77 x 10-5
-2.91 x 10-5
0
-2.96 x 10-5
-6.66 x 10-5
-6.61 x 10-5
0
0.066
0.147
0.228
0.310
0.391
0.472
0.553
0.634
0.716
a = 100
+4.63 x 10-3
+1.89 x 10-3
-1.49 x 10-3
-3.82 x 10-3
-3.97 x 10-3
-3.39 x 10-3
-2.09 x 10-3
-1.26 x lo-3
-7.35 x 104
a = 10*
+1.01 x 10-3
+0.77 x 10-3
0
-1.09 x 10-3
-3.12 x 10-3
-2.30 x 10-3
-1.85 x 10-3
-1.18 x 1o-3
0
+o.46 x 10-3
a = 100
+4.47 x 10-3
+2.14 x 10-3
+1.17 x 10-3
-1.62 x 10-3
-3.21 x 10-3
-3.11 x 10-3
-3.09 x 10-3
-2.58 x 10-3
-2.24 x 10-3
-1.77 x 10-3
-1.47 x 10-3
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TABLE II
Analytical Results of the First
Approximation
GAM-1
100.000
118.791
134.422
97.577
35.965
-36.921
-107.383
-88.677
11.490
-29.011
-96.822
-405.792
-419.785
-433.143
-445.914
-458.140
-469.863
-481.117
-491.937
-502.352
-512.392
GAM-2
34.000
7.923
-14.604
15.004
69.744
136.325
201.248
178.244
74.528
110.917
174.813
479.286
490.219
500.705
510.776
520.461
529.789
538.784
547.471
555.868
563.999
PC
2077.00
2082.57
2088.21
2087.58
2083.57
2077.79
2070.96
2076.51
2095.01
2090.71
2081.32
2027.61
2023.18
2018.86
2014.63
2010.50
2006.45
2002.49
1998.60
1994.80
1991.06
where T = t
GAM-1 = r
GAM-2 = r2
PC = P C
z
0 *
.08333
.16667
.25000
.33333
.41667
.50000
.58333
.66667
.75000
.83333
.91667
1.00000
1.08333
1.16667
1.25000
1.33333
1.41667
1.50000
1.58333
1.66667
T
.04?500
.044334
.045580
.042253
.036888
.030693
.025317
.026537
.032785
.030283
.026312
.009272
.009213
.009157
.009103
.009052
.009003
.008956
.008911
.008868
.008827
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TBLE III
Analytical Results of the Second
Approximation (Viscosity = U)
T
.058333
.D59546
.060748
.061939
.063120
.064292
.065454
.066607
.067752
.068888
.070017
.071138
.072251
.073358
.0744 58
.075551
.076639
.077 720
.078796
.079867
.080932
GAM-1
100.000
92.534
85.719
79.485
73.773
68.528
63.705
59.262
55.162
51.375
47.870
44.624
41.612
38.818
36.21?
33.791
31. 543
29.441
27.479
25.646
23.932
GAM-2
34. CCO
34.353
34.608
34.779
34.877
34.913
34.894
34.829
34.723
34.582
34.410
34.213
33.993
33.752
33.496
33.226
32. 944
32.651
32.349
32.040
31.725
PC
2C75.CO
2C76.39
2077.63
20 ?8. 74
2079.74
2080.65
2081.46
2082.21
2082.88
2083.50
2084.07
2084.59
2085.07
2085.52
2085.93
2086.31
2086.66
2086.99
2087.30
2C87.59
2C87. 86
where T = t
GAM-1 = r
GAM-2 = r 2
PC = P
c
z
.083 33
.16667
.25000
.33333
.41667
.50000
.58333
..66667
.75000
.83333
.91667
1.00000
1.08333
1.16667
1.25000
1.33333
1.41667
1.50000
1.58333
1.66667,
38.
TABLE IV
Analytical Results of the Second
Approximation (Viscosity = 0)
T
.058333
.059548
.060752
.061946
.063130
.064304
.065469
.066625
.067773
.068912
.070044
.071168
.072285
.073395
.074499
.075596
.076687
.077772
.078852
.079927
.080997
GAM-1
100.000
92.546
85.742
79.518
73.815
68.579
63.764
59.329
55.237
51.456
47. 958
44. 718
41.712
38.923
36.328
33.912
31.663
29.565
27.607
25.778
24. 068
GA M-2
34. 000
34.341
34.585
34.745
34.834
34.861
34.834
34.760
34.647
34.499
34. 321
34. 118
33.892
33.646
33.385
33.109
32.822
32. 525
32.219
31.906
31.587
PC
2075.00
2076.39
2077.63
2078.75
2079.75
2080.65
2081.47
2082.21
2082.89
2083.51
2084.07
2084.60
2085.08
2085.52
2085.93
2086.32
2086.67
2087.00
2087.31
2087.60
2087.87
where T = t
GAM-1 = r 1
GAM-2 = r2
PC = Pc
Z
0.
.08333
.16667
.25000
.33333
.41667
.50000
.58333
.66667
.75000
.83333
.91667
1.00000
1.08333
1.16667
1.25000
1.33333
1. 41667
1.50000
1.58333
1.66667
39.
TABLE V
Analytical Results of the Second
Approximation (Viscosity = 100)
T
.058333
.059327
.060302
.061256
.C6192
.0631C9
.064008
.064889
.065754
.0666C2
.067434-
.068250
.069051
.069837
.C706C8
.071365
.072109
.072839
.073555
.074259
.074951,
GAM-1
100.COO
91.365
83.459
76.207
69.539
63.398
57.732
52.494
47.644
43.146
38.968
35.083
31. 463
28.C 89
24.936
21.988
19.229
16.642
14.216
11.937
9.793
CAM-2
34. CCC
35.535
36.895
38.098
39. 165
40.110
4C.948
41.690
42.347
42.927
43.44C
43 893
44.291
44.640
44.946
45.213
45.444
45.643
45.814
45 .959
46.081
PC
2C 75.00
2076. 31
2077.48
2078.52
2079.45
2C8C.29
2081.05
2C81.74
2082.36
2082.93
20C3.45
2Ce3.93
2C84.37
2084.77
2085.14
2085.49
2085.81
2C86.10
2C6.38
2C86.64
2086.88
where T = t
GAM-1 =r
GAM-2 *r2
PC = P
c
z
0
.08333
.16667
.25000
S33333
.41667
.50000
.58333
.66667
.75000
.83333
.91667
1.00000
1.08333
1.16667
1.250C0
1.33333
1.41667
1.50C00
1.58333
1.66667
40.
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APPENDIX A. FORMULATION OF EQUATIONS
The method of deriving the differential equations shown in Section VI
is not complex, but the mathematics involved in solving some of these
equations is extremely tedious. Since the models for both the first and the
second approximations are similar, only the general procedure will be
mentioned here. Where the models differ, comments will be made appropriately.
To begin the derivation, every integral is resolved into two 'domain'
integrals. One of these 'domain' integrals is for the inner region, and
the other is for the outer region of the flow model. Therefore, these two
integrals will have limits from zero to t and from t to R respectively.
The corresponding velocity assumptions are then put into their respective
integrals, and the integrations are performed accordingly. After much
simplification, the corresponding sets of linear differential equations can
be obtained; these are Equations (9) - (12) and Equations (21) - (24) in
Section VI. Since all the variables, i.e. t, W m W c and P , are only z-
dependent, their partial derivatives can be written in the form of ordinary
derivatives.
In the case where p appears in the equation, the radial equilibrium
condition is applied.
2
p = p + r ,--drc r
The last term in the above equation has been evaluated to be:
(1) For the first approximation
rV2 dr = 2tx (O<r<t)
0 r
r =r k) (t<r<R)
-A2-
(2) For the second approximation
R 
= (_)( -) O<r<t)
dr1 = 2 )( - - + (t<r<R)
Also, in the axial momentum equations, P has been obtained by the expression,
w
t 2 (R 2
P =P + R-r+ _P--- dr
w c r r
P =t
In the first approximation, the Bernoulli equation, i.e. Equation (8)
in Section VI, is not in a differential form. This equation must be
differentiated with respect to z in order to obtain a set of four simul-
taneous differential equations, Equations (9) - (12).
In the second approximation, the radial velocity U appears in the
moment of axial momentum equation. This velocity has been evaluated by
the continuity consideration,
U - 1 r( )dr.
r ihz
) o
In the inner region, this is evaluated as;
* ir t Wr+ t +r 2  rrLt
sin - Cos +T+ cosJ( )
+ (- )r 2  t 2  - sin 1 ( )+ ( ) )
r)=2r cos t_ + 2w t0 j dz 2 dz
In the outer region;
u = (Ljt)( 2  1 dt t2 - +1d 12 dr
r 2dz - r (T + ; dz 2r dz
rl+r0 ( 1 (R !t- t d)- Rt r cos w(r-t) + 2(R-t)t
r - 2 (R-t) d dz cO S 2(R-t) W
+ 4(R-t) sin P:-t + (1) 1 (dR Idt 2(R-t) r2 cos
-A3-
+ ( W2 8 )2 r. sin .' 16 (R-t)3  - 16(R-t) 3
-()drl' d 2(R.$ sin 4 r-t r(R-t)2 r ir-t) 1dz -dz 2R-t) + bcos 2--)
Moreover, the last term in Equation (20) was omitted since it is small in
comparison with the other terms. From these considerations, Equations (21) -
(24) were obtained.
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APPENDIX B. SOLUTION OF DIFFERENTIAL EQUATIONS
The two sets of simultaneous, linear differential equations obtained
above were solved by a IBM 7094 digital computer, and the programming
language used was FORTRAN. A close examination of these equations reveals
that each set of equations can be arranged in a matrix form. This matrix
can best be generalized as follows.
W(1,1)DY(l) + W(1,2)DY(2) + W(1,3)DY(3) + w(l,4)DY(4) = V(1,1)
W(2,1)DY(l) + W(2,2)DY(2) + W(2,3)DY(3) + W(2,4)DY(4) = V(2,1)
W(3,J)DY(l) + W(3,2)DY(2) + W(3,3)DY(3) + W(3,4)DY(4) = V(3,1)
w(4,1)DY(l) + w(4,2)DY(2) + w(4,3)DY(3) + w(4,4)DY(4) = v(4,1)
In the differential equations, the value of R, in feet, is given from
the diffuser geometry by the equation
R = .154167 + .051335z,
the value of k (CON) is 3.75 which is obtained from the experimental results,
and the density (RHO) and the kinematic viscosity of air were taken as
2 4
p = .0023 lb sec /ft
.6 2
v = 165 x 10 ft /sec
The initial conditions, which are also obtained from the experimental
results, are
(1) for the first approximation
t = .0425 ft
ri = 100 ft/sec
r2 = 34 ft/sec
2
Pc = 2077 lbs/ft
(2) for the second approximation
t = .058333 ft
ri = 100 ft/sec
r2 = 34 ft/sec 2
Pc = 2075 lbs /ft
The computer program used here consists of a main program with three
subroutines. There are a main program and a DIFFEQ subroutine for each
flow model, but both approximation analyses utilize the same RUNGE and
printing subroutines. The symbol X in the programs has been represented
by x in the discussions above. All the main programs and the subroutines
are reproduced in the following pages. The program system can be shown in
the sketch below:
MAIN
Subroutine
RUNGE
Subroutine
DIFFEQ
Subroutine
PRINT
x :X= ENDMaX
B-2
B-3.
(for the first approximation)
C MAIN INITIALIZING PROGRAM
C
DIMENSION Y(5), TOL15), YMIN(5), MARK15), XOUT(201)
COMMON CON, RHO
READ 40, CON
RHO = .00235
XOUT(1) = 0.
DO 10 I = 2, 21
10 XOUT(I) = XOUT(I-1) + .0833333
X = 0.
DO 20 1 = 1, 4
YMIN(I) = .1
20 TOL(I) = .0001
TOL(4) = .000005
Y(1) = .0425
Y(2) = 100.
Y(3) = 34.
Y(4) = 2077.
MARK(1) = 1
MARK(2) = 21
MARK(3) = 3
MARK(4) = 0
MARK() = 1
N 4
H = .001
PRINT 30, CON
CALL RUNGE(N, X, Y, TOL, YMIN, H, XOUT, MARK)
CALL EXIT
30 FORMAT (4H1K =, F7.2///6H Z, TX, 1HT, 9X, 5HGAM-1, 7X,
5HGAM-2, 8X, 2HPC//)
40 FORMAT (F10.5)
END(1,0,0,0,0,0,1,0,0,1,0,0,0,0,0)
B-4.
(for the first approximation)
C SUBROUTINE TO COMPUTE DERIVATIVES
C
SUBROUTINE DIFFEQ(N, X, Y, DY)
DIMENSION W(4,4), V(4,1), Y(l), DY(l)-, LILO)
COMMON CON, RHO
R = .154167 + .051335*X
T = Y(1)
G =Y(2)
GG.= Y13)
PC = Y(4)
SUM = G + GG
A = .*R*R
13- CON*CON/T*(.5 - R*R/(T*T))
W(1,1) = B-G*T*(.594715*GG+.422357*G)
W (1,2) = R*R*SUM-T*T*(.422357*G+.297357*GG)
W(1,3) = R*R*SIM-.297357*G-*T*T
W(1,4) = A/RHO
V(1,1) = -. 051335*R*SUM*SUM
W(2, ) = -T*(.569228*G+.5*GG)
W(2,2) = A - .284614*T*T
W12,3) = A - .25*T*T
W(2,4) =0.
V(2,1) = -. 051335*R*SUM
W(3,1) = -. 297357*G*T
W(3,2) = A - .148679*T*T
W13,3) = A
V(3,0) = -. 051335*R*SUM
~41 eL= -2.*CU!N*CON/.(T*T*T)
W(4,2) = SUM
------- AL4,3L= S-UM.
W(4,4) = 1./RHO
V14,11 = 0cA-l-- ---
FAC = 1.
--- {=_ 9&LJMEQFtA L4 4LL F.
DY() = W(1,1)
---- JY-.YLL =Wt2.,L)--------------
DY(3) = W(3,1)
DY(4) =W4,1_
RETURN
-- - - --W .ILLO_ .IO. e, AI . e---- -- 0-- L----
B-5 .
--------- or the second approximation)
MAIN INITIALIZING PROGRAM
F1.IlMENS ICN Y(11)1 TO-JL(5), YfvIN(5), VARK(5)v XOLT(2Cl)
CC IV C N CCN, RFC
XrUT(1M C.
!C 10 1 = 2,, 21
10 (UT( I) XCUT( 1-1) + C0833333
UC 20 1 1,l 4
Y tIN (-I)
20 TCL(I) = .0COl
TCL(4) = .CCCC05
Y(1) = .058311
Y(3 = 34.
MARK() I
V AR K ( 2) 21
MARK(3) =3
IARK = C
PRINT 30. CCN
CALL RUNGE(N, Xi Y. TnL, YMIN, F-, XCUTv MARK)
30G FORMAT (4HIK =, F7.2///6H Z., 17X,, LHT, lX,, 5HGAM-1, 7X9
---- IL Q72 PjCjI ----------------------------------------
40 FORMAT (F10.5)
END( 1.CC.00.1 .olC.G.1 0.Ct O.0.0)
B-6.
(for the second approximation)
SUBROUTINE TO CCMPUTE DERIVATIVES
SLRROUTINE DlFFEQ(N, X, Y, DY)
DIMENSION W(4,4), V(4,1), Y(1),
COMMCN CON, RfO
R = .154167 + .051335*X
T = Y(1)
G = Y(2)
GG = Y(3)
PC = Y(4)
SUM = G + GG
DIF = R - T
A = .5*R*R
B = CON*CON*R*R/(T*T)
W( 1,1) = .577643*G*G*T + 1.405285*C*CG*T + GG*GG*T
+ .202643*R*SUM*SUM - .7C2643*T*SUM*SUM + .5*B
- 1.226361*B/T
W(1,2) = .577643*G*T*T + .702643*GG*T*T + .5*SUM*(R*R -
- .202643*SUM*DIF*DIF
W(1,3) = .702643*G*T*T + GG*T*T + .5*SUM*(R*R - T*T)
- .202643*SUM*DIF*DIF
W(1,4) = A/RHO
V(1,1) = .051335*(.202643*SUM*SUM*DIF - .5*SUM*SUM*R)
W(2,1) = 3.100685*G*T + 2.1859?5*GG*T - 1.716820*SUM*R
W(2,2) = 1.550343*T*T - 1.716820*R*T - 4.566360*A
W(2,3) = 1.092962*T*T - 1.716820*R*T - 4.566360*A
W(2,4) = 0.
V(2,1) = .051335*SUM*(4.566360*R + 1.716820*T)
W(3, 1) = -. 1C7928*G*T + .189429*GG*T + .173950*SUM*R
4T/tR R)
T*T)
W(3,2) = -. 053964*T*T + .173S50*R*T + .462670*A
W(3,3) = .094715*T*T + .173950*R*T + .462670*A
W(3,4) = 0.
V(3,1) = -.051335*SUM*(.462670*R + .1735C*T)
W(4,1) = -. 198729*G*G*T*T - .304C9C*G*GG*T*T - .189304*SLM*G*R
+ SUM*SUM*(2.054814*A - .668194*R*T * .1407e7*T*T)
-. 817574*8*R/T + .265476*B*T*T/(R*R)
W(4,2) = .187316*G*T*T*T + .267988*GG*T*T*T + SUM*(.353284#A*R
+ .534864*A*T + .15P869*R*T*T - .251621*T*T*T)
W(4,3) = .119309*G*T*T*T + .333333*GG*T*T*T + SUM*(.353284*A*R
+ .534864*A*T + .253521*R*T*T - .197595*T*T*T)
W(4,4) = R*R*R/(3.*RHO)
V(4,1) = .000165*(.5*G*T + GG*T - 3.141590*A*SUM/DIF
+ .636620*SUM*DIF) + .C51335*SUM*SUM*(-.445186*A
+ .695186*R*T - .972593*T*T)
FAC = 1.
M = XSIMEQF
DYCL) = W(1
DY(2) = W(2
DY(3) = W(3
DY(4) = W(4
RETURN
END(1,0,0,0
(4, 4, 1, W, V, FAC, L)
,1)
,1)
, 1)
, 1)
,0,0, 1,0,0,1,0,0,0,0,0)
C
C
1
2
1
1
1
2
1
2
DYt 1) , L (10)
*T
C
C
C
(for both approximations)
-rIRST 0RC ER DIFF.
SUBROUTTNE' RUNGE(N, X, Y,
DIMENSION Y(1), YMIN(1),
DIMENSTON DY(50), YA(50),
KBTWN = 1
KBIG = 1
KLOW = 1
- - COUNT~E 15
J = MARK(1)
MAX MARK(2)
L = MARK(4)
IF TL) 210# 210, 220
210 LTEST = 1
GO T 230
220 LTEST = 2
NUM = L
230 DO 250 I =1, N
250 SUB (14 TOL (I) /32.0
10 IF (MAX - J) 20, 30, 30
20 ET URN
30 A = XOUT(J) - X
B ABS =~ ('-E.--7 - X)
IF (A + B) 40, 35,
~~ 5' ~ Fr UK - --B I ~ 0 50 ,
40 J = J + 1
50 CALL PRINT(N,
~~- ~ J ,= -_J + 1
GO TO 10
~60---('~ TK- I1.5*H)
70 H A
GO TO 1000
80 IF (A- 3.*H)
EQ. ROUTINE--ADJUSTS STEP SIZE
TOL, YMIN, H,
TOL(1), SUB(50)
FA(50), FB(50)
Xo
9
,
UT, MARK)
XOUT(1), MARK(1)
FC(50), YKEEP(50)
35
60
XOUT, Y, DY, J)
70, 70, 80
90, 1000, 1000
010
020
030
050
060
070
080
090
100
110
120
130
140
150
160
170
180
190
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
360
370
380
w
90 H = *5*A
First order differential equation routine (cont'd.)_
390
C DO RUNGE-KUTTE-MERSON INTEGRATION 400
410
1000 XA = X + H/3. 420
~~ 430
CALL DIFFEQ(N, X, Y, DY) 440
X = X + H 450
DO 1030 I = 1, N 460
YKEEP(I) Y(I) 470
FA(I) = H*DY(I) 480
T 3TYA(~)=Y~i) +~FAUI).3 490
CALL DIFFEQ(N, XA, YA, DY) 500
DU .U40 1 = 1, N 510
1040 YA(I) = Y(I) + FA(I)/6. + H*DY(I)/6. 520
DO 1050 I = 1, N 540
~~~- ~F-- H*DY r 550
1050 YA(I) = Y(I) + .125*FA(I) + *375*FB(I) 560
CALE~TFFEN\I,~~XB~ Y, DY) 570
DO 106h I = 1, N 580
FC(I) H*DY(I) 590
1060 YA(I) = Y(I) + .5*FA(I) - 1.5*FB(I) + 2.*FC(I) 600
CALL DIFFEQ Ns X YA, DY) 610
DO 1130 I1 1, N 620
Y(I) = Y(I) + FA(I)/6. + .666666667*FC(I) + H*DY(I)/6. 630
U= Y(TT---4_
IF (ABSF(U) - YMIN(I)) 1130, 1090, 1090 650
-TJ9~J --KECW -= ~2 ---~ -- --~ ~~~ ~~~-~   ~ ~~ -~ -
E = .2*ABSF(U - YA(I) ) 670
-------- F -FE-z -AFSF uT i r T T- T~iii0 i ~IT-I-T ~~ ~~~~~ ~~~ ~-1 00 80~
1100 KBIG = 2 690
GO T 1 ~~7~
1110 IF ( E - ABSF(SUB(I)*U) ) 1130, 1120, 1120 710
~---2- -T-- 720
1130 CONTINUE 730
---- G TJ- - 0- -T35T KL-W~~-----------------------------~---~~-~~~~~---- 740 --
1135 GO TO (1180, 1140), KBIG 750
IT40 NLUUN I ,= NLUUNI - 1 76W
IF (NCOUNT) 1150, 1150, 1170 770
----~--J ~~-------- ---------------------------------- ~70
PRINT 1165, (I, Y(I), DY(I), I = 1, N) 790
First order differential equation routine Iconcluded)
P'ETURN
1160 FORMAT (58H4STEP SIZE HALVED 15 TIMES CONSECUTIVELY
1NT /29H ~PROGRAM TERMINATED AT X = , E16.89 8H,
2//3H I t 13X, 4HY(I)9 16X, 5HDY(I),//)
-Ti65~RMT,~7x ,' 2 TE16 . 8 4X))
1170 KBIG = 1
- ---- rF CH ~T ~BIT6Y 11729 1172
1172 X = X - H
~~~~~ 
-~~ T .~54H
SINCE LAST PRI
H = , E16.8,
DO 1174 I = l N
KBTWN = 1
KLOW 1
GO TO 1000
1176 M = 15'- NCOUNT
PRINT 1178, M, X, H
PRINT 1165. (I, Y(I). DY(I), I = 19 N)
RETURN
178 FORMAT A41H4STEP SIZE BECAME TOO SMALL FOR COMPUTER./20H
lEN HALVED , 12, 21H TIMES CONSECUTIVELY./29H PROGRAM TER
2 X ."E16.8# 8H9 H E16.8,//3H 1, 13X, 4HY(I).
35HDY(I).//)
1180 NCOU NT T5 
GO TO (1190# 1200). KBTWN
1190 H = 2. ~ 
~
1200 KBTWN = 1
KLOW= 1
C
C CHECK~FOR INTERMEDATE
C
100 GO T0T10i7II T, LTEST'
110 IF (L) 120, 120, 150
120 P R INT 30 ' X" H
PRINT 140. (I Y(I)9 DY(I),
L = NUM
GO TO 10
130 FORMAT (5H X = , E16.8, 4X,
116X, 5i4D Y(r)J)
140 FORMAT (55X9 13, 7X9 2(E16.
150 L =-
GO TO 10
END ~
PRINT OUT
I = 1. N)
4HH = * E16.8,
89
IT HAS
MINATED
16X,
11X, 1HI, 13X, 4HY(I),
4X))
BE
AT
800
810
820
830
840
850
860
870
880
890
900
910
920
930
940
950
960
970
980
990
000
010
020
030
040
050
060
070
080
090
100
110
120
130
140
150
160
170
180
190
200
210
\0
B-10.
(for both approximations)
C SUBROUTINE TO PRINT
C
SUBROUTINE PRINT(N, X, Y, CY, J)
DIMENSION XII), Y(I), DY(i)
PRINT 10, X(J), Y(1), Y(2), Y(3), Y(4)
RETURN
10 FORMAT (F8.5, 10X, F8.6, 4X, F8.3, 4X, F8.3, 4X, F8.2)
END(1,0,0,0,0,0,1,0,0,iOCC,0,O)
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FIG 50 ANALYTICAL
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FIG 53 ANALYTICAL RESULTS OF THE SECOND
APPROXIMATION (Wc ! z curve)
30$-
(0
3- 20H-
10.
0l
a-'
0
I I I I I
I
ANALYTICAL
8 -0---- EMPIRICAL
6-
4
0
0 4 8 12 16 20 24 28
AXIAL DISTANCE (IN)
FIG 54 ANALYTICAL RESULTS OF THE SECOND
APPROXIMATION (Pc n z curve)
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FIG 56 ANALYTICAL AND EXPERIMENTAL
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